Center for Structural Biochemistry
Department of Biosciences at NOVUM
Karolinska Institutet, S-141 57 Huddinge, Sweden

Theoretical Prediction of Ionisation
Properties of Proteins
Assen Koumanov

Stockholm 2003

All previously published papers were reproduced with permission from the publisher.
Published and printed by Karolinska University Press
Box 200, SE-171 77 Stockholm, Sweden
© Assen Koumanov, 2003
ISBN 91-7349-535-2

i

Contents
Abstract............................................................................................................................ ii
Main references ..............................................................................................................iii
Abbreviations ................................................................................................................. iv
1 Introduction ................................................................................................................ 1
2 Basic definitions and concepts................................................................................... 2
3 Methods for calculation of ionisation free energies................................................. 5
3.1 Overview of the earliest approaches ..................................................................... 5
3.2 Micro- and macroscopic models ........................................................................... 5
3.3 Brief survey of microscopic approaches ............................................................... 6
4 Macroscopic treatment of protein electrostatics ..................................................... 9
4.1 Classical continuum model ................................................................................. 10
4.1.1 Finite-difference solution of linearised Poisson-Boltzmann equation.... 11
4.1.1.1
4.1.1.2

successive over-relaxation ..................................................................14
boundary conditions ...........................................................................15

4.1.2 Other computational techniques ............................................................. 16
4.1.3 Protein dielectric constant ...................................................................... 17
4.2 Other dielectric models ....................................................................................... 18
5 pK calculations based on a single protein conformation ...................................... 20
5.1 Basic concept ...................................................................................................... 20
5.2 Allocation of polar hydrogens............................................................................. 23
5.3 Computing statistical averages............................................................................ 27
5.4 Titration curves ................................................................................................... 29
6 pK calculations accounting protein flexibility ....................................................... 33
6.1 Ensembles of experimentally determined structures........................................... 34
6.2 Computer generated ensembles of conformers ................................................... 35
7 Continuum simulations of ion flux through protein channels ............................. 38
7.1 Model and computational technique ................................................................... 39
7.2 Applications to model channels .......................................................................... 41
8 Acknowledgements................................................................................................... 42
9 References ................................................................................................................. 43

ii

Abstract
This work emphasises on elaboration of improved theoretical and computational
methods for determination of protonation/deprotonation equilibria in proteins. It also aims to
contribute for a better understanding on atomic level of ionisation properties of proteins and
their role in structure-functional relationship. Presented here computations are based on a
continuum model of protein-solvent system.
Limitations in the predictive power of current methods for pKa calculations are mostly
due to inadequate accounting of the structural flexibility, which is a key element of functional
properties of proteins. This problem was approached in two ways. First, by combining
calculations of ionisation equilibria with different techniques for generation of ensembles of
protein structures – alternative conformers in X-ray structures, NMR models, molecular
dynamics simulation. Second, the theoretical description of the pKa calculations based on
continuum electrostatic model was generalized in order to account explicitly for alternative
hydrogen locations on titratable and polar non-titratable groups. This corresponds to an
introduction of minor but very important structural flexibility. Such approach not only
improves the accuracy of the pKa calculations but also provides detail information that allows,
for instance, prediction of pH-dependence of tautomerisation as well as of a reorganisation of
H-bond networks. Entropic effects were pointed out.
Irregular (non-sigmoid) titration curves of ionisable groups were analysed theoretically.
It was demonstrated that the pKa values, extracted from multiple-step titration curves by means
of fitting to a sum of Henderson-Hasselbalch equations, do not describe the ionisation
equilibrium correctly, which may lead to irrelevant conclusions for the functional mechanisms.
Conditions for appearance of irregular titration were derived analytically.
Continuum model was applied to simulate the non-equilibrium stationary process of
steady-state ion flux through protein channels. The Poisson-Nernst-Planck (PNP) equations
were modified to account for desolvation of mobile ions in the membrane pore and for effects
related to ion sizes. A numerical algorithm was developed for 3D solution of PNP equations,
applicable for arbitrary channel geometry and arbitrary protein charge distribution. Basic
features of ion transport were illustrated by simulations on model channels.
Studied proteins: ribonuclease T1 from the fungus Aspergillus oryzae (RNase T1),
alcohol dehydrogenase from Drosophila lebanonensis (DADH), xylanases from Bacillus
circulans and Bacillus agaradhaerens, porin Omp32 from the bacterium Delftia acidovorans
Ionisation properties of individual titratable side chains of RNase T1 were explored in
detail both experimentally by NMR spectroscopy and theoretically by pKa calculations. The
study revealed a novel interpretation of the observed pH dependence of the chemical shifts of
several residues. It was also shown that titration of Asp76 is coupled to dipole reorientation of
a bounded water molecule, which suggested an interpretation of presumably contradicting
experimental observations.
Theoretical investigations of DADH showed that (i) the protonation/deprotonation
transition of the binary complex is related to the coupled ionisation of Tyr151 and Lys155 in
the active site and (ii) the pH-dependence of the proton abstraction is correlated with a
reorganization of the hydrogen bond network in the active site involving also the O2' ribose
hydroxyl group from the co-enzyme, which acts as a switch.
pKa calculations were combined with 1 ns MD simulations based on three different
initial structures of xylanase. A tendency of improvement of predicted pKa values was
demonstrated, which agrees with the findings of other authors using similar computational
protocol. The influence of length of MD simulation and correlations to the initial structure
were discussed.
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1 Introduction
Almost all proteins contain sites, such as some of the amino acid side chains
and/or prosthetic groups, which are prone to release or bind protons or electrons. Such
sites may alter their charge upon changes in their environment (solution pH or redox
potential, ligand binding, etc.) and thus are usually referred to as ionisable sites. Vital
biological processes as enzymatic catalysis, respiration and photosynthesis, are crucially
dependent on the ability of particular protein groups to participate in acid-base and
redox reactions. Those reactions are to a large extent regulated by factors, which are
predominantly electrostatic in nature. In general, inter- and intra-molecular electrostatic
interactions are among the key factors determining the functional properties and
structural stability of proteins1-8 and perhaps the most fundamental part of these
interactions is directly related to the charges of titratable and redox groups. A strong
evidence for this is, for instance, the pH-dependence of a number of physiologically
important phenomena, such as: enzyme activity9, protein substrate/inhibitor
interactions10, conductivity and selectivity of protein channels11,12 and many others.
Apparently, any thorough analysis of those phenomena requires a detail characterisation
of ionisation properties of individual titratable and redox groups.
Despite of the availability of powerful experimental methods (NMR, mutation
experiments and others) for analysis of electrostatic interactions and ionisation
behaviour of biomolecules, the interpretation of the experimental observations often
might be ambiguous. It is also well known that proton/electron binding affinities of
titratable/redox groups in proteins may significantly differ from affinities of those
groups (or similar to them model compounds) being free in solution. Therefore, an
accurate theoretical prediction of the ionisation equilibrium constants or their
equivalents, the pKa and Eº values, of individual ionisable sites is of grate importance
for the analysis and understanding of a variety of protein properties.
Good agreement between calculated and measured pKa values has been reported
in number of papers13-18,I,II. Computations of ionisation energies in proteins have shed
light on essential details in: enzymatic mechanisms19-25,VI (for review see also26,27),
redox reactions28-30, proton transfer across membranes29,31-38, ligand binding39-43, electric
field in porin channels44,V, protein stability45-50 and others. Nevertheless, theoretical
approaches for investigation of protein ionisation and electrostatics are still under
intensive development and are constantly improving their predictive power51-58,III,IV.
This work focuses manly on application of classical continuum electrostatics in
prediction of protonation/deprotonation equilibria in proteins with known structure.
Other approaches and techniques are also reviewed. The last section and paper VII are
devoted to application of continuum model to simulations of non-equilibrium, steadystate ion flux through membrane pores.
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2 Basic definitions and concepts
Protonation/deprotonation equilibrium of a compound, which can bind or release
only a single proton (one titratable site), in a dilute aqueous solution is fully
characterised by the quantity pKa = − log Ka , where K a =

[A − ][H + ]
[AH]

is the

a → A − + H + . Taking into account that the
equilibrium constant of the reaction AH ←

pH of the solution is defined as negative decimal logarithm of the concentration of
hydrogen ions i.e. pH = − log [H+], one obtains the Henderson-Hasselbalch equation:

K

[A − ]
θ
pH = pK a + log
= pK a + log
[ AH]
1− θ

(1)

Here θ is the degree of deprotonation defined as θ = [A−] / ([A−] + [AH]) and can be
expressed formally from Eq. 1 as:

θ=

10 ( pH − pK )
1 + 10 ( pH − pK )

(2)

Here and further “pKa” is denoted as “pK” for sake of simplicity. For dilute solutions of
a compound with single titratable site it is reasonable to accept pK as a constant i.e. its
value depends only on the specificity of the compound but not on the external
conditions such as pH, temperature and etc (as it will be discussed further, this
assumption is not valid for titratable sites in protein).
In terms of statistical thermodynamics Eq. 2 can be written as:

θ=

exp(− ∆G RT)
1 + exp(− ∆G RT)

(3)

where R and T are the gas constant and the temperature, respectively. Here, θ has the
meaning of probability the compound to be deprotonated and the denominator
represents the partition function of two-state system. The free energy change of the
solute-solvent system upon deprotonation of the solute at given conditions (pH,
temperature, etc.) is ∆G =∆Gº− RTln10 pH, where ∆Gº= RTln10 pK is the standard
deprotonation free energy of the corresponding compound (the solute).
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K red
A redox reaction A ox + e − ←
→ A −red can be considered analogously to
protonation/deprotonation equilibrium and the relation between the redox potential,
E = -RT/F ln[e-], of the solution and the standard redox potential, Eº = -RT/F lnKred, of
the redox couple Aox/A-red is given by:

E = Eo +

A ox
RT
RT [A ox ]
ln
ln
= Eo +
.
−
F 1 − A ox
F [A red
]

(4)

Here F is the Faraday constant and the probability for the redox site to be oxidized,
〈Aox〉, is equal to the right-hand side of Eq. 3, in which ∆G = −F(E − Eº) is the free
energy for oxidation the site.
Ionisation equilibrium constants of model compounds (with single ionisable
site), which resemble ionisable sites in proteins, usually can be experimentally
measured or, in some special cases, obtained by quantum chemical calculations
(Table 1). As seen from Table 1, there is no absolute agreement among the scientific
society even on the seemingly simple issue of what pK (model compound) is
appropriate to represent certain protein titratable group if it is considered free in
solution. In proteins, the situation becomes even more complicated due to the fact that
ionisation equilibria of individual sites are influenced by number of factors, the most
important of which are listed in Table 2. In all theoretical studies, protein ionisation is
described via evaluation of statistical averages such as θ and 〈Aox〉. The statistical
consideration allows equilibrium characteristics of the system to be obtained on the
basis of free energy calculations and hence to analyse in details the role of different
factors.
The similarity in the theoretical description of redox and acid-base reactions
allows reduction/oxidation and protonation/deprotonation equilibria to be addressed by
single generalized treatment30,51. The present work emphasise on the phenomenon
relevant for majority of the proteins, namely protonation/deprotonation equilibrium of
titratable sites. Inclusion of redox processes can be easily achieved by a trivial extension
of the described below formalism.
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Table 1. pK and standard reduction potential, Eº(at pH 7 and 25ºC), values of model
compounds representing most common ionisable sites in proteins.
Titratable group
pKmod
Redox couple
Eº (mV)
H3O+
-1.7 a
O2/O2·-330 b
c
d
e
+
C-terminus
3.8 , 3.6 , 3.63
NAD /NADH
-320 f
Asp
4.0 c, d
Heme (His,His)
-220 g
c
d
Glu
4.4 , 4.5
Heme (Met,His)
-70 g
His
6.3 c, 6.4 d
Cu2+/Cu+
153 a
h
i
3+
2+
Fe /Fe
770 a
His (tautomers)
6.6 , 7.0
N-terminus
7.5 c, 8.0 d, 8.2 j
Tyr·+/Tyr
930 b
c
d
k
Cys
9.5 , 9.0 , 8.3
OH/OH
2020 a
Tyr
9.6 c, 10.0 d
Lys
10.4 c, d
-nd
His (2 deprot.) 10.8 d, 14.0 l
Arg
12.0 c, d
H2O
15.7 a
Ser, Thr
16.0 m
a) from Ref.59; b) from Ref.60; c) from Ref.61; d) from Ref.5; e) pKa of N-acetyl
glycine59; f) from Ref.62; g) from Ref.63; h) deprotonation of Nδ1 (Nε2 - methylated)64;
i) deprotonation of Nε2 (Nδ1 - methylated)64;
j) pK of glycine amide,
http://www.Science.smith.edu/Biochem/Biochem_353/Common_Buffers.htm; k) from
Ref.20,65; l) from Ref.66; m) see Table III in Ref.67

Table 2. Major factors determining the ionisation equilibria of individual groups in
proteins.
Factor
Comments
1 Charge-charge
These interactions are pH dependent and determine the
interactions between
co-operative character of the ionisation equilibria in
ionisable sites
proteins.
2 Electrostatic interaction These are the interactions of a given ionisable group
of the titratable groups
with charges not associated with ionisable sites (called
with the permanent
also fixed or background charges; e.g. backbone
protein charges
dipoles).
3
This is the energy needed to transfer an ionisable group
(model compound) from solvent to its location in the
Desolvation energy
protein if the first two factors are neglected. It is
primarily due to the difference in the response of solvent
and protein environment to the electrostatic field created
by the ionisable group. This energy is always positive
(unfavourable) and is often called "desolvation penalty".
4
At certain conditions proteins may exist in more then
Conformational
one conformation simultaneously. Also, upon ionisation
flexibility
of a given titratable group conformational changes may
occur, which changes the factors 1 - 3.
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3 Methods for calculation of ionisation free energies
The influence of protein environment on ionisation properties of individual
groups is predominantly electrostatic in nature (see factors 1-3 in Table 2). That is why,
the prediction of those properties is a fundamental objective and in the same time an
ultimate test for the theories of electrostatic interactions in biomolecules.

3.1 Overview of the earliest approaches
First theoretical models relating electrostatics and pH titration of proteins
appeared long before any knowledge about three-dimensional (3D) protein structure to
be available. Linderstrøm-Lang68 treated protein molecule as a sphere with a low
permittivity, surrounded by a high permittivity continuum. Charges were considered to
be uniformly spread over the surface of the sphere and pK shifts were assumed
proportional to the average charge. This model is a priori incapable to distinguish
titrations of individual residues and was used for simulating only the overall protein
titration. Later on, the theory of Kirkwood and Tanford69,70 became one of the
fundamental tools for computation of protein electrostatic properties and had been
actively used for a long period. This approach also employs spherical approximation of
the protein molecule but in contrast to the Linderstrøm-Lang’s model, charges of the
titratable groups are represented as point charges on the surface of the sphere. This
model allows analytical solution the linearised Poisson-Boltzmann equation (LPBE) and
hence analytical expression for the charge-charge interaction energies, which are given
in series of papers69-72. This theory had limited application for analysis of electrostatic
interactions in proteins, however, it was successfully applied for the prediction of pK
values of amino acids. It has two major weaknesses. The first one is that it does not
account for the effect of desolvation of the titratable groups in the protein interior, the
second one is that the assumed analytical (spherical) shape of the protein medium is a
too crude approximation for the majority of the proteins. In order to account for the fact
that different titratable groups are differently buried in the protein interior Gurd and coworkers introduced a correction proportional to the solvent accessibility of each
group73,74.

3.2 Micro- and macroscopic models
The progress in experimental techniques led, on one hand, to increase in the
quantity and quality of the available structural data and, on the other hand, to ability of
measuring pK values of individual titratable groups75-87, which together with the
advances in computer technology stimulated the development of various theoretical and
computational methods in the field of protein ionisation and electrostatics. These
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theoretical approaches differ from each other mainly in the representation of the
investigated protein-solvent system and hence in the manner of calculating the
ionisation free energies. Although there is no strict classification, usually methods
employing macroscopic quantities (e.g. dielectric constant, ionic strength, etc.) for
characterization of certain system properties are referred to as macroscopic or
continuum models, while approaches entirely based on explicit representation of atomic
details (e.g. electron densities, polarisabilities, etc.) are called microscopic. The
continuum models benefit from their computational and conceptional easiness. In these
models, the protein molecule is treated as dielectric material, the permittivity of which
is, in fact, not well defined and often serves as a justifiable parameter. The microscopic
approaches avoid this obstacle and provide more rigorous and detail description of the
considered system, however, at much higher computational cost and by employing a
large set of fitted and semi-empirical parameters. Different approaches are thoroughly
described, analysed and compared in a number of reviews88-93. The choice of a method
depends on the concrete task that has to be solved (i.e. on the concrete questions
addressed to the examined protein) and in some cases it is difficult to prefer a particular
approach among the broad spectrum of those currently available. Recently, there is an
apparent trend of combining macroscopic and microscopic methods, so that parts of the
molecule, which are of special interest, are treated microscopically, while their
surrounding is represented by an appropriate continuum model.
The earliest models for description of protein ionisation and electrostatics are, in
fact, continuum ones. Nowadays approaches based on continuum models will be
discussed in more details in the next three parts of this work and the remaining of this
part is a brief survey of microscopic methods for calculation of ionisation free energies.

3.3 Brief survey of microscopic approaches
As far as, the ionisation of a protein site involves either formation/fission of a
covalent bond (in the case of protonation/deprotonation reaction) or radical changes in
the structure of the electron shells (in redox processes), the most rigorous
characterization of an ionisation event is provided by quantum mechanics (QM).
Simulations of pH titration, in which energy calculations are taking explicitly into
account changes in covalent bonding, are usually called absolute pK calculations. In
principle, the solution of Schrödinger’s equation completely specifies the physicalchemical properties of the studied system. However, ab initio calculations with high
electron correlation, due to their extreme computational cost, are practically limited to
systems containing up to 100-150 atoms, which makes the direct application of these
methods to protein-solvent systems unfeasible. Results of QM calculations on small
compounds are often used to elaborate parameters (atomic partial charges, torsion
potentials, etc.), which are than employed in force fields for molecular modelling.
Quantum-chemical calculations can also provide ionisation free energies (usually
proton/electron binding affinities in vacuum) of model compounds, which resemble
certain type of protein ionisable sites. Such computations are especially helpful if the
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corresponding energies are experimentally unattainable. The necessity of extending QM
methods over larger systems led to the development of various less rigorous approaches
like semiempirical QM and hybrids of QM and classical models. Noodleman, Bashford
and co-workers25,67,94-97 elaborated an approach, in which density functional theory
(DFT) is applied to a cluster of protein groups, whose environment is treated by
continuum electrostatics. Recently, the mixed quantum mechanical/molecular
mechanical (QM/MM) methodology became very popular. These methods retain the
advantage of treating quantum-chemically only a small core of the system, while the
remainder is modelled at the molecular mechanics level. The computational effort is
comparable with that for a small model quantum-chemical computation, but considers
the environment in a reasonably accurate fashion. QM methods are capable to evaluate
directly the energetics of different pathways in enzymatic reactions and therefore pK
values obtained in these simulations are seldom in the focus of the study25,98-100. Surveys
on quantum-chemical approaches applied to biomolecules can be found in number of
papers88,92,101,102.
Approaches, merging statistical mechanical concepts with molecular dynamics
(MD) or Monte Carlo (MC) dynamics in order to yield the free energy difference
between two equilibrium states of a given system, are referred to as free energy
perturbation (FEP) calculations. The FEP method is rather general and thus it is well
developed and documented in details103-107. The thermodynamic basis of this method
employs partition function formalism to relate the free energy difference ∆G = G1 ─ G0
between two equilibrium states (designated by “0” and “1”) to an ensemble average
involving the difference between Halmiltonians of those states ∆H = H1 ─ H0, namely
∆G = ─ RT ln〈exp(─∆H ⁄ RT)〉0 . Here the Boltzmann averaging is over the ensemble
corresponding to state “0”. Usually, it is assumed that the kinetic parts of H1 and H0 are
equal and the Halmiltonian is replaced by an empirical potential energy function defined
by the atomic coordinates and the molecular force field parameters used for the
ensemble generation. Despite of the exactness of the above formula, practically it
cannot be used straightforward because a reliable estimate of ∆G requires the two states
to share large parts of their phase spaces, which is seldom the case. Therefore, the
transition “0”→”1” is decomposed into a number of subsequent transitions
“λi”→” λi+1”, for which the corresponding ∆Gλi can be accurately calculated from the
above equation and, finally, ∆G is obtained as the sum of ∆Gλi. This procedure involves
simulations of some intermediate states “λ” of the system. These states are treated as
equilibrium ones although they are usually unrealistic i.e. the system is “alchemically”
driven from state “0” to state “1”. The FEP method also allows different contributions
in ∆G (e.g. contributions arising from electrostatic, van der Waals, etc. interactions) to
be evaluated by component analysis108. Normally, FEP calculations use an all-atom
representation of the protein-solvent system, although in some cases the solvent can
treated as a continuum. These calculations face the typical for MD and MC simulations
problem of completeness of the collected ensembles with respect to the evaluation of
the needed statistical averages. In addition, the cooperativeness of the protein ionisation
makes FEP techniques computationally unattractive for complete characterisation of the
ionisation properties of proteins an their application in the field is practically limited to
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computations of solvation energies, intrinsic pKs109 and pK values small clusters of
titratable sites110,111. The FEP approach are used with a great success for investigation of
energetics of binding between complex molecules (supposing single binding site per
molecule) such as proteins, DNAs and drugs105,112-114 as well as to study effects of point
mutations115,116.
An alternative microscopic model was proposed by Warshel and coworkers4,117,118. In this approach the protein molecule is considered on an atomic level
by taking explicitly into account all atomic partial charges and polarisabilities and
representing the surrounding solvent molecules as a lattice of Langevin dipoles. In this
way, the usage of dielectric constants is avoided, however a screening function for the
electrostatic field in the solvent part of the system is introduced along with the Langevin
dipoles. pK values are calculated by reversible adiabatic charging of the groups of
interest, which can be considered as a FEP technique.

9

4 Macroscopic treatment of protein electrostatics
In macroscopic approaches, both the protein molecule and the surrounding
solvent are considered as continuum media characterised by macroscopic quantities,
such as dielectric constant and ionic strength. The continuum dielectric models require
relatively small number of parameters whit clear physical meaning to describe the
protein-solvent system and to perform calculations. This computational and
conceptional simplicity made the macroscopic models perhaps the most frequently used
approaches for investigating the electrostatics in biomolecules.
The availability of high-resolution 3D protein structures and the modern
computational facilities allow nowadays continuum models to employ a lot of atomic
details in the representation of the protein molecule. Coordinates and van der Waals
radii of protein atoms together with solvent probe radius are model parameters, which
are taken from other experimental or theoretical studies. These parameters uniquely
define the contact and the solvent accessible surfaces, either of which can serve as a
dielectric boundary separating the protein moiety from the solvent. Other dielectric
boundaries can be easily introduced if needed, for instance to represent a membrane or
to treat the protein as a body with inhomogeneous permittivity. If solvent salt
concentration is of interest, the free ions in the solvent are represented as a continuum
matter with certain space distribution. The space accessible for solvent ions is
delineated analogously to the solvent accessibility. The protein charge distribution is
another essential parameter. Charge positions are determined by the protein structure.
The charge values of the permanent charges, such as the partial charges determining the
peptide bond dipoles, are available from other studies. The charge values of the
titratable groups depend on their protonation/deprotonation equilibria in the concrete
protein and on the solution characteristics, such as pH, ionic strength, temperature etc.
The studies presented in this dissertation are based on finite-difference solution
of either the linearised Poisson-Boltzmann equation (papers II-VI) or the PoissonNernst-Planck equations (paper VII) and in both cases, focusing procedure was applied
for refinement of the final results. Therefore, this methodology for computing the
electrostatic potential in solvated biomolecules is given in detail, while other approaches
are briefly commented.
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4.1 Classical continuum model
solvent
εs ≈ 80
ρs(r)

protein
εp ≈ 4
ρp(r) +
+
-

+
Figure 1. Continuum dielectric model for
calculation of electrostatic interactions in proteins.

This model treats the protein as a rigid body with low dielectric constant (εp = 2
to 20, see below) and fixed charge distribution, ρp(r), which is immersed in a high
dielectric medium (εs ≈ 80, assuming aqueous solution) with a distribution of free ions,
ρs(r), (Fig. 1). In such system, the electrostatic potential, ϕ(r), at point r in the space
can be obtained as a solution of the Poisson equation:

∇ ⋅ (ε( r )∇ϕ( r )) = −4π(ρ p ( r ) + ρs ( r )) .

(5)

The solvent ions, being mobile, have no fixed locations. Thus, their distribution
is not preliminary defined and hence Eq. 5 cannot be directly solved. It is reasonable to
assume that the mobile ions with charges Zie, where Zi is the valence of the i-th ion
species and e is the value of the elementary charge, are influenced by the electrostatic
field and in equilibrium obey the Boltzmann distribution, i.e.:

ρ s ( r ) = ∑ C i Z i e exp (

− Z i e ϕ( r )

i

kT

).

(6)

The summation is over all types of ions, Ci is the bulk concentration of ions of
type i and k is the Boltzmann constant. A substitution of ρs(r) from Eq. 6 in Eq. 5 leads
to the Poisson-Boltzmann equation (PBE):

∇ ⋅ (ε( r )∇ϕ( r )) = −4πρ p ( r ) + 4π∑ C i Z i e exp (
i

− Z i e ϕ( r )
kT

).

(7)

The PBE (abbreviated often as NPBE) is a non-linear partial differential
equation for the electrostatic potential. The non-linearity leads, first, to substantial
difficulties in the solution of Eq. 7, and second, the resulting potential is a non-additive
quantity, which appears to be a serious obstacle in many practical applications. The
limited application119-123 of the PBE is also due to the fact that, for the majority of
proteins immersed in solvent with physiological or lower concentration of monovalent
ions, the condition Zieϕ(r) ⁄ RT < 1 is fulfilled in the ion accessible regions. This
condition suggests that the exponent in Eq. 6 can be approximated by the linear part of
its Maclaurin expansion. Further, taking into account the electroneutrality of the
solution, i.e. ΣCiZi = 0, Eq. 6 can be written as:

e 2 ϕ( r )
C i Z i2 .
ρs (r ) = −
∑
kT i

(8)

11
This linearisation was first applied by Debye and Hückel, in 1923, in the
derivation of their theory, which was initially implemented for calculation of the
electrostatic free energy of small spherical ions in ionic solutions. An additional
characteristic of the solution was introduced, namely, the Deby screening parameter, κ,
which is defined as:

8πe 2 I
κ =
ε s kT
2

(9)

where I = 1/2 Σ CiZi2 is the ionic strength of the bulk. Normally, ion concentrations, Ci,
are given in molarities and k is expressed in Å-1, in which case the right-hand side of
Eq. 9 should be multiplied by a factor of NA·10-3 resulting from units’ conversion.
After substitution of Eq. 8 and Eq. 9 in Eq. 5 one obtains the linearised PoissonBoltzmann equation (LPBE):

∇ ⋅ (ε( r )∇ϕ( r )) − κ 2 ε s ϕ( r ) + 4πρ p ( r ) = 0 .

(10)

The second term in the above equation turns to zero if point r is in an ion inaccessible
region, where the ionic strength and hence κ and ρs(r) are equal to zero. A detail
derivation of Eq. 10 is given by Tanford124. It was shown that the linearised and the
non-linear Poisson-Boltzmann equations give practically equal results125 even for
moderate, say physiological, ionic strength. Besides that it is computationally easier to
solve Eq. 10 instead of Eq. 7, the electrostatic potential calculated by LPBE is additive
i.e. the potential of a system of charges equals the sum of potentials created by each
single charge of the system. As a consequence, different electrostatic factors,
contributing to the ionisation equilibrium of individual groups (factors 1-3 in Table 1),
can be considered additive without any additional postulations. This additivity
facilitates both building of computational algorithms and the theoretical analysis.
It should be noted, that PBE and LPBE (Eqs. 7,10) have a unique solution in
arbitrary volume if ε(r), ρp(r) and ρs(r) (alternatively κ) are known for the entire volume
and ϕ(r) are given at boundary surface. The boundary conditions in most of the
theoretical studies are set to ϕ(∞)=0.
4.1.1

Finite-difference solution of linearised Poisson-Boltzmann equation

An analytical solution of the LPBE (Eq. 10) is possible only if the protein is
approximated by a body with simple regular shape e.g. sphere69. In order to account the
actual shape of the protein, as defined by its 3D structure, Eq. 10 has to be solved
numerically by algorithm allowing arbitrary profile of the dielectric boundaries. The
most popular and widely used routine is the finite-difference (FD) method, first
proposed for proteins by Watson and Warwicker126. The FD solution of the LPBE (as
well as of the PBE) was studied systematically by Honig and co-workers, who further
developed and refined this method regarding its applications to biomolecules119,127-130
(for review131). The FD technique for solving the LPBE and its application to pK
calculations is excellently summarised by Beroza and Fredkin132.
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In the FD approach, the protein and part of the surrounding solvent are placed in
a box with a 3D grid forming a cubic lattice as illustrated in Fig. 2. Quantities, such as
permittivity, charge, and Debye parameter, characterising the protein and the solvent are
attributed to the lattice nodes (grid points). This process of assignment is often called
“mapping” of the system on the grid. The continuum task is transformed to a discrete
one by replacing the system of interest by the set of grid points. The problem of finding
ϕ(r) is reformulated as a problem of calculating the electrostatic potential, ϕi, at each
grid point.

-

-

εp

εp , ρp(r) +

+ qp

εs
κ

+

+

εs

-

κ

a

b

c

Figure 2. Lattice representation of the protein-solvent system (illustrated in 2D for
simplicity). Permittivity, εi, charge, qi, and Debye parameter value, κi, are assigned to
each lattice nod i. Nodes a: εa=εp, qa=0, κa=0. Nodes b: εb=εp, qb=qp, κb=0. Nodes c:
εc=εs, qc=0, κc=κ, κ≠0 at non-zero ionic strength.

The assignment of a dielectric constant and a value of the Debye parameter
requires only a simple geometry check-up. However, the mapping of the protein charge
distribution, ρp(r), is not that straightforward as ρp(r) is usually represented by set of
point charges located at atom centres and it is very unlikely that any of these point
charges would coincide with a grid point. There are different methods for assignment of
charge values to the grid points. A simple and effective one is to distribute the charge
over the 8 closest grid points by interpolation127.
An algebraic expression for the electrostatic potential at arbitrary internal grid
point (i.e. any grid point not lying on the walls of the computational box) can be derived
by integrating Eq. 10 in a cubic volume, V, associated with the considered grid point
(Fig. 3):

∫ ∇ ⋅ (ε(r )∇ϕ(r ))dv − ∫ κ

V

V

2

ε s ϕ( r )dv + 4π ∫ ρ p ( r )dv = 0

(11)

V

The first integral in Eq. 11 is solved by using Gauss' theorem and the integration
over the surface area, S, of the cube is than expressed in FD terms:

∫ ∇ ⋅ (ε(r )∇ϕ(r ))dv = ∫ ε(r )∇ϕ(r ).ds = h ∑ j ε j0 (ϕ j − ϕ0 ) .

V

S

Here and in the following derivation, “0” and “j” indicate the grid point where the
integration cube is centred and the neighbouring points, respectively (Fig. 3). The
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summation is over the six nearest neighbours. εj0 is the dielectric constant at the cube
wall located between points 0 and j. For practical reasons, εj0 is usually calculated as an
average of εj and ε0. The parameter h is the lattice spacing, i.e. the distance (in Å)
between neighbouring grid points.
The second integral in Eq. 11 givs:

0

2
2
3 
(r
)
dv
h
ε
κ
ϕ
=
ε
κ
ϕ
=
ε κ 2 ϕ h 3
s 0 0
∫ s
0
 s
V

if point "0" is ion inaccessible
if point "0" is ion inaccessible

The third integral in Eq. 11 differs from zero only for the points where a charge
value is assigned:

4π ∫ ρ( r )dv = 4πq 0 .
V

Finally, Eq. 11 can be written in FD terms as:

h ∑ j ε j0 (ϕ j − ϕ 0 ) − ϕ 0 κ 02 h 3ε s + 4πq 0 = 0 ,
which gives:

ϕ0 =

∑ j ε j0ϕ j + 4πq 0 / h
∑ j ε j0 + κ 02 h 2 εs

(12)

This equation relates the electrostatic potential at certain lattice point with the
potentials at the neighbouring points and holds for all grid points, which are internal for
the computational box. The grid points, located at the walls of the box do not have
neighbours in some directions, so that the electrostatic potential at these points has a
preliminary defined value (boundary conditions). In this way, the FD technique converts
the LPBE into a system of linear equations, which similarly to the LPBE has a unique
solution at given boundary conditions.

ε0, q0, κ0,
ϕ0

0

h
j
εj, qj, κj,
ϕj

Figure 3. An internal grid point 0
(grey) and its six nearest neighbour
grid points j (black) are given together
with the parameters assigned to them.
The cube (dashed lines), in which
LPBE is integrated, is centred at point
0 and has edge lengths equal to the
lattice spacing h.

For cubic computational box (see Fig. 2) with L+2 lattice nods per edge, the
number of internal grid points is N=L3, which is the number of equations in the linear
system produced by FD. There are two main reasons for aiming at as large L as possible
(limitations depend on the computational facilities). First, at h→0 the FD solution tends
to the exact solution of LPBE. Second, there is some unavoidable inexactness in setting
the boundary potential values. Thus, in order to reduce the influence of the boundary
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conditions on the calculated potential in the region of interest (the protein), the walls of
the computational box should be sufficiently distant from the protein, i.e. sufficiently
large computational box is required. At present calculations are performed with 100-200
nods per edge, which results in huge systems of 106-107 equations.

4.1.1.1 successive over-relaxation
The successive over-relaxation (SOR) is a method for iterative solution of nonsingular linear systems, which can be written in matrix form as:

Φ = TΦ + Q ,

(13)

where Φ∈ℜN is the vector that has to be found, while the vector Q∈ℜN and the matrix
T∈ℜN are known. The SOR method allows the solution of Eq. 13, Φ, to be
approximated with any desirable accuracy. For big systems, highly accurate SOR
approximations are achieved much faster compare to methods providing the exact
solution. Broad and well-ordered summary of the SOR theory is given by
Hadjidimos133. Nicholls and Honig129 wrote a very detail and comprehensive (despite of
the typing mistakes) description of the application of this theory for FD solution of
LPBE and PBE.
Eq. 13 yields the following iterative scheme:

Φ(m+1) = TΦ(m) + Q ,

(14)

which converges if and only if λT < 1, where λT is the spectral radius of the matrix T
(the largest absolute value of the eigenvalues of T). The spectral radius also determines
the convergency rate. Using the formalism of eigenvectors and eigenvalues it can be
shown that: (i) The absolute difference, || Φ - Φ(n) ||, between the exact solution, Φ, and
the result of n-th iteration step, Φ(n), is approximately proportional to the n-th power of
λT , i.e. || Φ - Φ(n) || ∝ λnT . This relation provides a useful estimate for the number of
iterations needed to meet certain convergency criterion. (ii) The contribution of the
initially chosen values, Φ(0), in Φ(n) is at most proportional to λnT. It follows (λT < 1),
that, with increasing the number of iterations, the iterative solution exponentially
approaches the exact one and the convergency is faster for smaller λT. Apparently, the
initial approximation is not essential (normally Φ(0)=0), although the number of
iterations needed to meet a given convergency criterion, in general depends on the
initial choice.
The matrix T and the vector Q can be constructed from Eq. 12 as
{T}ij = (Σjεji) / (Σjεji + κj2h2εs) ,i≠j , {T}ii = 0 and {Q}i = f(qi, ϕboundary). The vector Φ is
simply {Φ}i = ϕi. The boundary potential values, ϕboundary, are accounted in Q, because,
being set preliminary, they play in Eq. 12 role similar to that of the known charge
distribution represented by q0. I was shown that the constructed in this way matrix T
satisfies the condition λT < 1. Appling Eq. 14 with the above construct reproduces the
Jacobi relaxation algorithm for Φ. Grid points can be enumerated so that “even“ points
have only “odd” points for neighbours and vice versa. This points can be ordered in Φ
in such way that the first half of the vector to be occupied by even and the second half
by odd points. Then, as seen from Eq. 12, the correspondingly ordered matrix, Tord, will
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 0 T1   0 T1   0 0 
have the structure Tord = 
 = 
 , where the submatrices T1
 + 
T
T
0
0
0
0
  2
 2
 

and T2 update even entries with odd ones and odd with even, respectively. After
updating the values for even points, these updates are used for calculating the new
values for odd points and so on. One iterative step of this scheme (Gauss-Seidel) is, in
fact, equivalent to two Jacobian steps. Formally, this can be reproduced by Eq. 14 if T
and Q are substituted by T’=T2ord and Q’=(Tord + E)Qord, respectively; E is the identity
matrix. Gauss-Seidel iterations are twice faster than the Jacobi procedure, which is also
seen from the relation between their spectral radii λT’ = λ2T (or λGS = λ2J).
The SOR method modifies the Gauss-Seidel relaxation by introducing an overrelaxation parameter ω∈(0,2), which enables further improvement of the convergency
rate. The introduction of ω can be done in the following way: Φ = ωΦ + (1-ω)Φ, then Φ
in the first term of the right-hand side is expressed from Eq. (13), where T and Q are
substituted by T’ and Q’, which yields Φ = ω(T’Φ + Q’) + (1-ω)Φ. This suggests the
following iterative procedure:
Φ(m+1) = ω(T’Φ(m) + Q’) + (1-ω)Φ(m)

(15)

The above equation is the basis of the SOR method. Eq. (14) becomes Eq. (15) after
substitution of T and Q with T” = (ωT’ +(1-ω)E) and Q”= ωQ’. Apparently, if ω=1
SOR becomes Gauss-Seidel. It is possible to find a value, ωb, for the over-relaxation
parameter providing best convergence i.e. smallest spectral radius of T”
(λT”(ωb) ≤ λT”(ω)). This value is given by:

ωb =

2
.
1 + 1 − λ T'

(16)

The
corresponding
spectral
radius,
λT”(ωb),
is
in
this
case
1/2
λT”(ωb) = λT’ / [1 + (1-λT’) ], which is apparently smaller than λT’. With the increase of
the value λT’ , λT”(ωb) increases as well, however the advantage of SOR over GaussSeidel becomes greater. In FD calculations of LPBE performed with L≈100, SOR
relaxes normally 50- to 100-fold faster than Gauss-Seidel. The spectral radius λT’,
determining ωb, can be estimated by performing several (usually just one) Gauss-Seidel
iterations with Q’ set to zero and Φ(0) selected to be a close approximation of the
eigenvector of T’ with the highest eigenvalue (i.e. λT’)129.

4.1.1.2 boundary conditions
The proper setting of the boundary conditions is important for the precision of
the calculations as far as they act as a source of potential and in that sense they are
equivalent to a certain charge distribution. Most often diluted solutions of protein are
considered and in those cases it is reasonable to approximate the electrostatic potential
on the faces of the box according to the Debye-Hückel theory: ϕk = ∑
j

q je

− κrkj

εs rkj

, where

k and j enumerate the boundary and the charged grid points, respectively. This
approximation, however, holds for distances rkj significantly larger than the dimensions
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of the protein molecule. Moreover, the distortion of calculated potential, due to
inexactness of boundary values, is larger for the points close to the walls of the
computational box than for the central ones128. Thus, the volume, in which LPBE is
solved by FD, should be much larger than that of the protein and centred at the region of
interest. On the other hand, the grid spacing should be considerably smaller than the
atomic radii to properly describe the charge distribution and the overall shape of the
molecule. Therefore, in order to achieve a satisfactory accuracy, the calculations should
be performed in a large volume with fine grid spacing, which may be computationally
prohibitive even for small proteins.
The focusing technique128 allows to combine distant boundaries with a fine grid
in the region of interest. This method consists in solving the LPBE consecutively in
several, inserted one into another cubes containing the investigated area (Fig. 4). First,
potentials are calculated in a big initial box with coarse grid and boundary conditions
set, for instance, according to the Debye-Hückel theory. Then, calculations are repeated
in a smaller box with finer grid located inside the previous box and centred at the region
of interest and the boundary potentials are taken from the calculations in the previous
coarser lattice. Depending on the task the focusing procedure might be repeated several
times.

-

-

+

+

+
-

4.1.2

+

Figure 4. Focusing. The
focused box (on right) is
smaller than the preceding
computational box (on left)
and has a finer grid.
Boundary values for the
focused box are taken from
the previous calculations in
the larger box.

Other computational techniques

The electrostatic potential in the Poisson equation (Eq. 5) combines the potential
created by the source charges with the reaction field potential, originating from the
induced dielectric polarisation. A common technique to separate these potentials is to
perform additional calculations with the same source charge in a homogeneous
dielectric environment134. Alternatively, the electrostatic field in the protein can be
considered as a field in an infinite homogeneous medium and the difference between the
protein and solvent permittivities is accounted by explicit representation of the induced
surface charge on the dielectric boundary. In this case, the total potential is a sum of
Coulomb potentials (for the source charges) and an integral, over the boundary surface,
of a Coulomb-like term (for the induced charge). This is, in fact, the theoretical ground
of the boundary element method (boundary integral method), in which the integration is
reduced to a summation by dividing the boundary surface in appropriate elements.
Tomasi and Persico88 reviewed the method in detail. The introduction of multiple
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dielectric regions and salt effects create serious difficulties in the boundary element
method, while in the FD solution of LPBE this is done without any special effort.
Nevertheless, the boundary element method was successfully for electrostatic
calculations in proteins135-140.
The LPBE can be numerically solved by FD as well as by the finite element141
method or by its more advanced variant the spectral element method142,143. In the finite
element method, the computational space in finite domains (elements) and inside each
element the potential is approximated by a polynomial expansions, which is used to
discretize the differential equation.
In multi-grid techniques120,144,145, more dense computational grid is used in some
regions and more coarse in others, which is another implementation of the main idea
behind the focusing procedure.
Instead of SOR, conjugate gradient methods146 are employed in some studies.
The variety of numerical techniques for treating continuum electrostatics
resulted in several widely used programs, such as DelPhi147, UHBD146, MEAD148,
ITPACT149,150, Mainfold Code151,152 and others. All calculations, in presented here
studiesII-VII, were carried out with a software developed by Karshikoff and coworkers44,153,154,III,VII.
4.1.3

Protein dielectric constant

The key parameter of the continuum dielectric model is the protein dielectric
constant. While the dielectric constant of the bulk solvent can be measured, in the
vicinity and inside the protein molecule its value can only be assumed. At the proteinsolvent interface the dielectric constant may differ from that of the bulk. Lamm and
Pack155 have evaluated the dielectric constant in this region and have shown that it can
be reduced to about 30. Theoretical studies4 indicate that in presence of extremely
strong electrostatic fields (e.g. around highly charged metal ions) the local permittivity
of water may be even lower. The value of the protein dielectric constant, εp, is widely
and controversially discussed90,156,157. The assignment of a macroscopic quantity
(permittivity) to a microscopic object (single molecule or even parts of it) has been a
subject of a principle criticism. In this regard it should be noted, that εp is a convenient
parameter, which accounts for responses to an electric field that are not treated
explicitly. Gilson and Honig158 applied The Kirkwood-Fröhlich theory to a model of
arbitrary protein and concluded that the best estimates of this parameter fall between 2.5
and 4. Theoretical studies, using protein dielectric constant value of 2 to 40, and
experiments on dried proteins, showing εp values in the range from 2.5 to 3.5, are cited
in the same paper. A value of 2, which reflects solely the electronic polarisability158, is
used in studies where electrostatics calculations are performed for a strictly fixed
conformation and atomic motions are considered explicitly159,160. The most frequently
used value of protein permittivity is 4. This value presumes small fluctuations in the
positions of atomic nuclei and approximately accounts for the response of the dipolar
groups of the polypeptide backbone158. Values between 10 and 20 were proposed on the
basis of comparison between theoretical and experimental investigations of protein
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ionisation properties16,18,47,161,162. These high values, in fact, implicitly account for the
protein responses, like redistribution of atomic partial charges and/or local
conformational changes, upon changes in the ionisation state. However, in approaches
explicitly considering such responses, low dielectric constants are used55,163-166,II-VI.
Demchuck and Wade65 analysed the dependence of calculated pKa values on the protein
permittivity and found that a high values of εp lead to better agreement with experiments
for residues that are on the surface of the proteins, while for buried residues low values
are more appropriate. This observation was practically confirmed by Simonson and coworkers, who investigated the protein dielectric relaxation from dynamic
viewpoint167-170 and estimated the dielectric constant to be about 10-20 at the more
flexible surface of proteins and about 2-4 in the protein interior. Other authors have
considered a representation of the protein molecule as a body with inhomogeneous
permittivity as a possible solution of the problem. For instance, a high dielectric
constant can be attributed to regions in proteins containing polar side chains171. Sharp et
al.172 have proposed calculation of the local dielectric constant based on ClausiusMossotti equation. Other equations (Debye, Onsager, Kirkwood) that relate the
microscopic properties, such as polarisability and dipole moment, to the macroscopic
dielectric constant are also well known. However, they all treat homogenous matter,
while in the case of proteins, it seems to be more relevant to consider inhomogeneous
and anisotropic matter. Voges and Karshikoff173 attempted to treat the protein molecule
as an inhomogeneous dielectric medium and proposed a model, which leads to a
position dependent dielectric constant in the protein moiety. The potential advantage of
multi-permittivity models triggered some of the recent improvements in DelPhi57.

4.2 Other dielectric models
The pursuit for reducing the computational expenses in electrostatic calculations
led to the development of approximate methods, in which the potential is calculated
from a simple analytical expression resembling the form of the Coulomb potential.
Coulomb potential with distance dependent dielectric constant was applied for analysis
of electrostatic interactions in DNA conformers174 and for pK calculations175. The latter
was sharply criticised176 mainly for the negligence of the self-energy contribution to the
ionisation equilibrium (factor 3 in Table 2). The idea of introducing a distance
dependent permittivity originates from series of theoretical studies, where the screening
of the electrostatic field was investigated on a microscopic level117,171,177-180.
Another, recently very popular approach is the generalised Born (GB)
approximation, nicely reviewed by Bashford and Case93. The molecule of interest (e.g. a
protein) is considered as a material with uniform low dielectric constant, εp, immersed
in a continuum solvent characterised by a high permittivity, εs, and eventually a Debye
parameter, κ. Each atom in the molecule is represented as a sphere with a given radius
Ri and a charge qi at its center. The total electrostatic energy (the work needed to create
the charge distribution in the given dielectric environment) is split in two parts: first, the
energy of the charge constellation in a homogeneous environment with permittivity εp,
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which is just sum of Coulomb energies, and second, the work for transferring the
molecule from the homogeneous environment into the solvent. The second part,
accounting for the effects of the polarisation charges at the solute-solvent dielectric
boundary, is approximated (GB approximation) by a sum of Coulomb-like terms. The
final expression for the energy allows a GB analogue of the electrostatic potential to be
defined52. Compared to the GB model, the classical one, described by PBE, is more
general not only because it treats polarisation effects in an exact fashion, but also
because it dose not impose any restrictions on charge distribution and number of
dielectric regions. However, in the majority of the applications both models use, in fact,
identical representation of the protein-solvent system. The GB approach employs a set
of adjustable parameters allowing energy estimates to be improved towards
experimental data or FD solutions of PBE via careful parameterisation. In tasks, where
an explicit consideration of molecular conformers is of interest, the minor errors
produced by GB, compare to solutions of PBE, are paid-off by the enormous gain of
computational time.
The GB approach was initially dedicated to estimate by a simple analytical
function the polarisation part (Gpol) of the solvation free energy for small molecules
with potential application to MM force fields for implicit solvent181. Assuming εp=1 and
n
atoms
in
the
molecule,
the
GB
approximation
gives
n n
qiq j
, where the effective distance parameter,
G pol = − 1 1 − 1  ∑ ∑
2
εs 
f (r , α , α )
i =1 j =1 GB ij

i

j

fGB, is a function of the distance between atoms i and j, rij, and the Born radii αi and αj
of these atoms (αi ≠ Ri). The function fGB is not uniquely defined as it is only required to
be simple and smooth and to reproduce the exact theoretical expressions for the
electrostatic energy in the limiting cases of rij→∞ and rij→0. This function is the main
subject of parameterisation in the GB theory. Still and co-authors181 proposed
fGB = (rij2 + αiαj exp(-rij2 / 4αiαj))1/2 . Later, the GB theory was extensively parameterised
over large set of compounds182. Jayaram and co-workers183 found inconsistence between
the representation of the charge-charge and that of the self-energy components of Gpol.
Introduced in this way errors compensate in the total solvation energy but affect the
intramolecular interactions and hence pK evaluations. The problem was solved by yet
another refinement of the parameterisation of the Born radii. Salt effects were
introduced in the GB theory on Debye-Hückel level by substituting (1-1/εs) with
(1-exp(-κfGB)/εs), which was found to be a reasonably good approximation184. The GB
theory was further modified to allow a more accurate treatment of macromolecules by
abandoning εp=1 (substitution (1-1/εs)→ (1/εp-1/εs) or (1-exp(-κfGB)/εs)→ (1/εpexp(-κfGB)/εs) )52 and by using integration over the volume of the solute to properly
adjust the Born radii52,54. pK calculations performed on three different proteins showed,
with some minor exceptions, that GB energy estimates and energies calculated from
PBE lead to practically identical pK values.

20

5 pK calculations based on a single protein
conformation

5.1 Basic concept
The difference between the protonation/deprotonation equilibrium of a given
titratable group in the protein, in principle, differs from the ionisation behaviour of this
group taken as a free amino acid or as a model compound. This difference can be
analysed by the thermodynamic cycle shown in Fig. 5.

Figure 5. Thermodynamic cycle used for
the calculation of the pK values of
titratable groups in proteins.

In this cycle, each titratable group is considered as an appropriate model
compound, which is transferred, in its protonated and deprotonated form, from solution
to its place in the protein. This cycle relates the free energy of deprotonation, ∆GPp→d, of
a given group in the protein to the deprotonation energy of the model compound,
∆GSp→d, as follows:

∆GPp→d = ∆GSp→d + ∆GdS→P - ∆GpS→P ,

(17)

where ∆GdS→P and ∆GpS→P are the free energies of transfer of the titratable group (as a
model compound) from solution to its location in the protein in deprotonated state and
in protonated state, respectively. The pK value of the model compound, pKmod, is
usually taken from experimental results or, in special cases, from QM calculations.
Therefore, as far as ∆GSp→d = RTln10(pKmod - pH), ∆GPp→d at given pH (or its
equivalent, the pK of the group in the protein) can be obtained by calculating the
difference in the corresponding transfer energies. These energies, however, depend on
number of factors (see Table 2), a proper consideration of which is often
computationally prohibitive. To reduce the complexity of the task, the following four
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assumptions are usually made: (i) the protein can by represented by a single conformer,
(ii) ∆GdS→P ─ ∆GpS→P is entirely electrostatic in origin, (iii) the interaction between any
couple of protein charges dose not depend on the presence of other protein charges,
(iv) the statistical mechanical state of the protein is uniquely defined by the protonation
state of each titratable group. These assumption constitute the ground for pK
calculations based on continuum electrostatic models. The first assumption means that
conformational changes that may occur upon ionisation are neglected or, at least,
considered to be unessential for electrostatics, which can be true for a narrow pH
interval. Calculated energies and hence of predicted pKs may be strongly dependent on
the choice of conformer. Thus, the negligence of conformational diversity is considered
to be the main origin of discrepancies with experimental data. On the other hand, pK
calculations based on single conformers may be indicative for the role of flexibility in
certain observable phenomenonII. Most of the approaches taking into account the
conformational flexibility of proteins (see next part) are based on series of single
structure calculations perhaps because it is the rigid body assumption, which permits to
define uniquely dielectric boundaries and charge distributions, employed in
macroscopic electrostatic calculations. The second assumption, which is quite
reasonable in the frame of the first one, reduces the energy evaluation to electrostatic
calculations. The third assumption, which (as discussed above) is automatically fulfilled
if electrostatic calculations are based on the LPBE, allows different contributions to the
electrostatic energy to be considered separately. In other words, the additivity of the
electrostatic potential allows to represent the full electrostatic energy as a sum of
independent energy terms that correspond to different sources of the electrostatic field.
With the above postulates, the difference in the transfer energies
S→P
- ∆GpS→P in Eq. 17) in can be represented as sum of three different electrostatic
(∆Gd
contributions (corresponding to factors 1-3 in Table 2). Hence, the free energy of
deprotonation of i-th titratable site in the protein, ∆Gi (∆GPp→d in Eq. 17) can be written
as:

∆Gi = RTln10(pKi,mod ─ pH) + ∆Gi,sol + ∆Gi,pc + ∆Gi,tc ,

(18)

The last three terms in Eq 18 are in fact the subject of calculations. The contribution of
the desolvation energy, ∆Gi,sol, arises from the fact that the electrostatic energy (self
energy or Born energy) of a charged body (i−th titratable site) depends not only on its
charge distribution but also on the permittivity of the surrounding medium. It is
calculated as:

∆G i,sol =

1
p
s
∑
k∈{i}[(ϕ (ρ id , k ) − ϕ (ρ id , k ))q id ( k )
2
p
s
− (ϕ (ρ ip , k ) − ϕ (ρ ip , k ))q ip ( k )]

(19)

where the summation is over all atoms k of group i with charges qid(k) and qip(k)
corresponding to charge distributions ρid and ρip of this group in its deprotonated and
protonated state. ϕ(ρ,k) is the electrostatic potential at location k created by a charge
distributions ρ. The superscripts s and p indicate solvent and protein environment of the
model compound, respectively.
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The contribution of protein permanent charges, ∆Gi,pc (Eq. 18), is given by:

∆G i, pc = ∑ k∈{pc} (ϕ(ρid , k ) − ϕ(ρip , k ))q pc (k ) ,

(20)

where k enumerates all atoms with permanent (non-titratable) protein charges qpc(k).
Here and further upper indexes for the electrostatic potential are omitted as the
calculations are relevant only if the model compound is placed in the protein.
It is also straightforward to define pair-wise charge-charge interaction, Wixi,jxj,
between i-th and j-th group in states xi and xj, respectively, as:

Wix i , jx j = ∑ k∈{i} ϕ(ρ jx j , k )q ix i ( k ) ,

(21)

where i≠j (W=0, if i=j) and each of the states xi and xj can be either protonated or
deprotonated.
It is notable that the shifts in protonation/deprotonation equilibrium caused by
the desolvation penalty and protein permanent charges depend only on the protein
structure (i.e. on how the concrete group is situated in the protein) but not on the chargecharge interactions with other titratable sites. Hence, for fixed structure, it is convenient
to introduce the quantity intrinsic pK value of site i, pKi,int, as:
pKi,int = pKi,mod + (RTln10)−1(∆Gi,sol + ∆Gi,pc) ,

(22)

which similarly to the model pK value, pKi,mod, is pH independent. This, however, does
not correspond to the Tanford definition of intrinsic pK70, since the electrostatic
interactions between i-th group and neutral states of the rest of the titratable sites are
omitted. The introduction of these interactions in pKi,int makes it ambiguous if possible
diversity of the neutral states is taken into account51,III. If each ionisable site is
considered to have exactly one protonated and one deprotonated state, the Tanford
definition can be formally fulfilled by some simple rearrangements of energy termsII.
The last term, ∆Gi,tc, in Eq. 18 accounts for the electrostatic interactions of i−th
group with the rest of the titratable sites. This energy apparently depends on the
protonation state of all titratable groups, which has to be determined. The correct
solution of multiple-site titration problem is provided by statistical mechanics, first
introduced for pK calculations by Bashford and Karplus13. The fourth assumption,
stated in the beginning of this section, ensures complete statistical description of the
protein molecule if the characteristics of each combination of protonation states of
individual titratable sites (i.e. the characteristics of all possible protonation states of the
protein) are available. Each unique protonation state of a protein with N ionisable sites
is fully defined by an N−component vector, x = (x1, x2, …, xN), whose i-th component,
xi, has value of 0 or 1 depending on whether i-th group is protonated or deprotonated.
At given state x of the protein and pH of the solvent, the energy of the protein-solvent
system, ∆G(x, pH), can be expressed as:

∆G ( x , pH ) = RTln10∑ x i (pK i, int − pH ) +
i

where indices i and j enumerate all titratable sites.

1
∑∑ Wix i , jx j ,
2 i j

(23)
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The Boltzmann statistical average of the variable xi, as defined above, gives
(analogously to Eq. 3) the degree of deprotonation, θi(pH), of group i at certain pH, i.e.:

∑ x i exp( − ∆G ( x, pH) / RT)

θi ( pH ) = x i =

{ x}

∑ exp( − ∆G ( x, pH) / RT)

.

(24)

{ x}

The summations in the above equation are over all 2N possible protonation states {x}.
The calculation of θi(pH) is, in fact, equivalent to calculating the pK value (or the free
energy of deprotonation) of i-th titratable site at the given conditions.
It is important to note, that the electrostatic potential resulting from FD solution
of LPBE depends on how the investigated system is situated in the 3D grid, which leads
to an energy erroneousness termed “grid energy”. As far as pK calculations are based on
energy differences, the grid energy practically cancels out if the four representations of
each group (part of the protein or model compound, protonated or deprotonated –
Fig. 5) are situated in the grid in identical way. Thus, in FD calculations of LPBE,
model compounds have exactly the same conformation as the considered group in the
protein. It follows, that energy calculations for ionisable sites of one and the same type
employ different conformations of one model compound, however most often the
titration of these different conformers is characterised by just one pKmod value. This
inconsistency can be resolved by considering energies of conformational transitions of
the model compound, which is achievable by an additional thermodynamic cycle164.

5.2 Allocation of polar hydrogens
The considerations in the previous section can be easily applied to an extended
model of the protein molecule, which explicitly counts for possible alterations in the
loci of titratable and polar hydrogens. Such alterations can be considered as introduction
of conformational flexibility (within the limits of tautomers and rotamers), which does
not violate the basic assumptions ensuring the successful application of continuum
electrostatic theory in pK calculations. This is mainly due to the fact that reallocation of
these hydrogens practically does not change the shape of the protein dielectric material.
Hence, any variation in the hydrogen positions of site i does not affect electrostatic
energies of the other sites, except for their pair-wise interactions with the i−th site. This
approach allows not only prediction of pH-dependence of tautomerisation but also
possible rearrangement H-bond network upon titrationIII,VI.
The introduction of alternative proton positions within one group means that the
individual sites (titratable or polar) may have more then two states. Generally, a given
group can be fully described by a set of n microstates Sα (α = 0, 1, ..., n−1). Each
microstate, α, is characterised by a certain number of titratable hydrogens, να, and a
specific charge distribution, ρα. As far as there is no rule in ordering the states, the
choice of the reference state is in fact arbitrary and does not affect the final results or
validity of the derived equations. In the further considerations the first state, S0, of the
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group will be used as reference state. The equilibrium of the microstates within a single
group is determined by the microscopic equilibrium constants, Kµα , or their equivalent,
pKµα , defined as:

pK αµ = −logK αµ = −log

[Sα ] + ∆ν α
p
[H ]
= −log α + ∆ν α ⋅ pH
[S0 ]
p0

(25)

where pα is the population of state Sα (Σpα = 1) and ∆να = ν0 − να. In case of ∆να = 1,
pKµα coincides with the macroscopic pK.
m protonated microscopic states

n-m deprotonated microscopic states

ν0 = . . . = νm-1 = ν

νm = . . . = νn-1 = ν−1
pKµm

S0: ν0, ρ0(r)

.
.
.

pKµm-1

Sm-1: νm-1, ρm-1(r)

obs

pK

Sm: νm, ρm(r)

.
.
.
Sn-1: νn-1, ρn-1(r)

Figure 6. Schematic representation of the states of a titratable site with n microscopic
and 2 (protonated and deprotonated) macroscopic states.
States with equal proton content are often experimentally indistinguishable and a
single macroscopic pK, pKobs, is observed. A useful relation between macroscopic and
microscopic pK values can be derived if one considers a group with m protonated states,
ν0 = ... = νm-1 = ν, and the rest, n-m, deprotonated states, νm = ... = νn-1 = ν−1,
(1 ≤ m ≤ n−1) (Fig. 6). If the ratios p1∕p0 , ... , pm−1∕p0 and pm+1∕pm , ... , pn−1∕pm are
known, pKµα,mod can be calculated from:

pα

log
−
;
α = 0,...,m − 1

p
0
pK αµ = 
,
pα
µ
obs
µ
 pK
+ δpK p − δpK d − log
; α = m,...,n − 1

pm
where

δpK pµ = −log

m −1

n −1

α =0

α=m

∑ p α p 0 and δpK dµ = −log

∑ pα

(26)

pm

The terms δpKµp and δpKµd reflect the content of microscopic states in the protonated
and deprotonated forms of a given titratable group, and hence have pure entropic
meaning. It should be noted that, the charged form of a titratable group can be
represented by a single microscopic state, as the hydrogen positions in this case are
uniquely defined. However, a relevant description of a neutral site may require several
microstates corresponding different hydrogen isomers, for instance tautomers of a
deprotonated imidazole or rotamers of a protonated carboxyl/hydroxyl group. It follows
that, for the acidic groups δpKµd = 0 and pKµα < pKobs (α=m,…,n-1), while for the basic
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sites δpKµp = 0 and pKµα > pKobs (α=m,…,n-1). Eqs. 26 were applied to obtain the
microscopic pK values for model compounds, pKµiα,mod, which where than used in the
calculationsIII,V,VI. All ionisable sites, except those of histidines, were considered to
have equally populated neutral species in the model compounds. The ratio between the
populations of histidine tautomers is set to correspond to a pK difference of 0.6185.
The relation between microscopic equilibrium constants of the model compound
and of the corresponding in the protein is obtained by a set of thermodynamic cycles
shown in Fig. 7, which is simply an extension of the two state (protonated/deprotonated)
model described in the previous section (Fig. 5, Eq. 17).

Figure 7. Thermodynamic cycles (n-1)
used for the calculation of microscopic
pKs in proteins, pKµ, of a titratable or
polar site with multiple (n) microscopic
states. If the protonation (macroscopic)
states of a titratable site are not
degenerated, only one cycle (Fig. 5) is
sufficient.
In this case a group i (titratable or polar) is transferred, in its reference state, Si0,
and in state, Siα, from solution into the protein. The free energy ∆Giα of the transition
Si0 → Siα for i-th group in the protein, similarly to Eq. 18, can be written as:
∆Giα = RTln10(pKµiα,mod - ∆νiα⋅pH) + ∆Giα,sol + ∆Giα,pc + ∆Giα,tc

(27)

The multi-state formalism can by developed by considering the transition
Si0 → Siα instead of the transition protonated→deprotonated, applied in the two-state
model. Thus, Eqs. 27-33 are the multi-state analogues of Eqs. 18-24.

∆G iα, sol =

1
p
s
∑
k∈{i}[(ϕ (ρiα , k ) − ϕ (ρiα , k ))q iα ( k )
2
p
s
− (ϕ (ρ i 0 , k ) − ϕ (ρ i 0 , k ))q i 0 ( k )]

(28)

∆G iα, pc = ∑ k∈{pc} (ϕ(ρiα , k ) − ϕ(ρi 0 , k ))q pc ( k )

(29)

ϕ(ρ jβ , k )q iα (k ) i ≠ j
∑
Wiα, jβ =  k∈{i}
0
i= j


(30)

pKµiα,int = pKµiα,mod + (RTln10)−1(∆Giα,sol + ∆Giα,pc)

(31)
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µ
∆G ( x , pH) = RTln10∑ (pK ix

i

i , int

− ∆ν ix i ⋅ pH) +

1
∑∑ Wix i , jx j
2 i j

(32)

∑ δ x i , α ⋅ exp( − ∆G ( x, pH) / RT)

p iα ( pH ) =

{ x}

∑ exp( − ∆G ( x, pH) / RT)

.

(33)

{ x}

Most of the notations have the meaning described previously. In Eqs. 32, 33 the
vector x, which uniquely defines the state of the protein molecule, contains M elements
corresponding to the number of sites with variable number or spatial distribution of
hydrogens. Each element xi = 0, 1, ..., ni , indicates the state of the i-th site. δxi,α is just the
Kronecker delta (δxi,α = 1 if xi = α and δxi,α = 0 if xi ≠ α). Eq. 33 gives the population, piα,
of group i in microstate α. The degree of deprotonation of a given titratable group is just
the sum of the populations of microstates representing the deprotonated form of this
group. If one considers only titratable sites with two states each and values of 0 and 1
for protonated and deprotonated state of site i, respectively, are assigned to xi, than
δxi,1 = xi and Eq. 33 reproduces Eq. 24 with pi,1(pH) = θi(pH). In fact, the computation of
microstate populations of ionisable and some of the polar groups provides essentially
more detailed knowledge about protein properties than the calculation of only the
degrees of deprotonation of titratable sites.
Different cases of tautomerisation/rotamerisation of ionisable sites were
previously considered15,186,187. A statistical description of multiple sites with multiple
states model was also shortly formulated by Schaefer and co-authors47. Entropic effects
arising from non even number of neutral and ionised forms of given titratable groups
were mentioned but, however, neglected by some authors29,187. Others have discussed
these effects in the light of so-called “occupational entropy”188.
The ionisation properties of individual titratable sites in Aspergillus oryzae
ribonuclease T1 (RNase T1) were studied experimentally, by NMR spectroscopyI, and
theoretically, by two-stateII and multi-stateIII approaches. For well-hydrated sites, which
are not involved in strong electrostatic interactions, the two theoretical models gave
practically identical results, which agreed very well with NMR observations. For the
rest of the groups, the explicit consideration of variations in hydrogen loci resulted in
some improvements in the theoretical prediction towards the experimental data. The
most interesting outcome of the calculations was related to the ionisation of Asp76, for
which seemingly contradictory experimental observations are available. On the basis of
denaturation experiments on native and D76N mutant of RNase T1, a pK value of 0.5
was evaluated for this residue189. On the other hand, the chemical shift of Asp76 13Cγ
indicates that this residue is most likely protonated in the region of pH between 2 and
9190. Calculations without explicit consideration of hydrogen allocationsII yielded a pK
value of 6.5, which reflects the fact, that this residue is almost solvent inaccessible and
is not salt-bridged, but it does not fit well to the experimental findings. The model used
for multi-state calculationsIII included variable hydrogen positions for the ionisable and
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some of the polar (Thr, Ser) residues as well as for one water molecule (Wat111 in the
X-ray structure191), which is in the close vicinity of Asp76 and isolates the residue from
the bulk solution. This approach reviled pKasp76=2.0. This value is still higher than that
evaluated by Giletto and Pace189, which may be due to number of reason ranking from
the quality of the evaluation to how representative, at pH below 2, is the structure used
in the calculations (crystal was grown at pH 7). Calculations also showed that the
ionisation of Asp76 is strongly correlated with dipole reorientation of the bounded water
molecule so that at any pH Asp76 and Wat111 are H-bonded. Thus, a hydrogen atom is
always present in the close vicinity of Oδ1 of Asp76. This result provides a possible
interpretation of the fact that the chemical shift of 13Cγ of Asp76 corresponds rather to
the protonated carboxyl and its negligible pH dependence can be related to the
synchronization between the ionisation of Asp76 and the reorientation of Wat111.
Drosophila lebanonensis alcohol dehydrogenase (DADH) catalyses the
oxidation of primary and secondary alcohols to aldehydes and ketones, using NAD+ as
coenzyme. In the catalytic process, the active site (Tyr151, Lys155, Ser138) abstracts a
proton from the hydroxyl group of the substrate (tyrosine-, lysine- and serine
mechanisms have been proposed) and a hydride is transferred from the generated
alcoholate anion to the NAD+ molecule. Kinetic studies on the pH dependence of the
different reaction steps led to the conclusion that one of the groups in the active site has
a pK value of 7.1192,193. pK calculations including hydrogen multiple locations were
performed on the crystal structure194,195 of the binary complex E.NAD+ of DADHVI.
Except for the protein residues, alternative hydrogen positions were allowed for a water
molecule (W144 at H-bond distance from both Ser138 and Tyr151) and for the ribose
hydroxyl group O2' of NAD+. The calculations showed that: (i) Ser138 remains
protonated even at pH 12, (ii) irregular and incomplete titration for both the residues
Tyr151 and Lys155 and a midpoint at pH 7.2 for the overall titration of this couple,
(iii) the orientation of the ribose hydroxyl is strongly correlated with the ionisation of
the active site couple Tyr151-Lys155 and at pH higher than 8 acts as H-bond switch
between these two groups, (iv) at high pH values a tiny amount of deprotonated W144
(i.e. OH-) appears. These results suggest that couple Tyr151-Lys155 may act as a
general base in catalytic reaction and thus is involved in the pH regulation of the proton
abstraction, whereas Ser138 more likely plays a role in the correct orientation and
binding of the substrate as it has been proposed earlier. The calculations also indicated
that the O2' ribose hydroxyl group may play a key role in the process.

5.3 Computing statistical averages
Unfortunately, the direct application of the exact statistical mechanical
calculations (Eq. 33) is quite limited because the CPU-time needed grows exponentially
with the number of the considered sites. Nowadays computational facilities allow about
230 states of the protein to be explored in a reasonable time. Apparently, the
combinatorial task easily becomes unattractively time consuming even for small
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proteins. There are methods, however, that can be used to overcome this problem by
approximating the rigorous treatment.
According to the mean-field approach the pK shift of i-th group due to
interactions with all other titratable groups is estimated as if i-th group interacts with the
average charges of the rest of the groups. This concept was employed for pK
calculations by Tanford and Roxby196, who proposed an effective iterative procedure.
At each iteration step, pKi is calculated as a linear function of the average charges of
other groups, which in turn are calculated from the pK values obtained in the previous
iteration. Despite of the extremely low computational cost, the mean-field approaches
were shown14 to correspond to a non-correlated distribution function and thus as a rule
are incorrect for sites participating in strong interactions. For those sites the iterations
converge slowly or do not converge at all. This feature was used153 to calculate pK
values of weakly interacting groups and in the same time to separate them from those
with co-operative ionisation, which are treated by more exact methods.
Groups that have pKint far from the pH of interest do not undergo a protonation/
deprotonation transition. Such groups can be considered as being fixed in appropriate
protonation state and can be excluded from further statistical calculations14. In the case
of multi-state model, the irrelevant (improbable) for the given pH microstates are
discarded. This stripping facilitates the calculations (especially at extreme pH values)
but often dose not reduce the number of sites that should be treated statistically enough
for direct application of Eq. 33.
Monte Carlo (MC) sampling of the states of the protein molecule was also
successfully employed for pK calculations35. The MC sampling, in fact based on the
Metropolis algorithm197, is capable to provide reliable estimates of Boltzmann statistical
averages even for big proteins. There is a variety of available techniques, all of them
aiming to rapidly sample only the statistically “most important” states (states with
lowest energy i.e. the most probable ones), which are only a small part of all possible
states of the investigated system. These procedures can be interpreted to some extent as
simulations of the thermal fluctuations of the considered system around states with
energy minimum. In the standard implementation of the Metropolis sampling, the
protonation state of a randomly (or sequentially) chosen site is altered and, with
probability equal to the corresponding Boltzmann factor (i.e. depending on the energy
difference between the new and the old state), the new state is selected or rejected. Each
attempt for alteration of the protonation state is referred to as a MC step. The sequence
of MC steps is equivalent to generation of a Markov chain for protein protonation states.
The accuracy of MC methods depends on the length of the simulation and the
specificity of the system. If the protein contains couples or clusters of strongly
interacting groups with co-operative ionisation, the sampling is easily trapped in vicinity
of a local energy minimum and a very long simulation is needed for achieving reliable
estimates for the protonation states of those groups. This problem is avoided either by
modifying the standard algorithm to allow also simultaneous (within one MC step) state
alteration of two (or more) strongly interacting sites35,198 or by producing a large
number of relatively short Markov chains, which can be optimised by simulated
annealing154.

29
Computations can be essentially speeded up without significant violation of the
accuracy of results by applying clustering methods51,198,199. In all these methods a set of
strongly interacting (or closely situated) groups forms a cluster. The degree of
deprotonation of these groups is calculated either by Boltzmann statistics or by Monte
Carlo algorithm over the groups included in the cluster, while the influence of the rest of
the groups is counted by mean-field approximation. Thus, the populations, piα, of sites
within one cluster are calculated according to Eq. 33, where {x}, in this case, represents
all possible combinations of states within the cluster. In order to count for the groups
that do not belong to the cluster Eq. 19 is modified as follows:
µ
∆G ( x , pH ) = RTln10∑ (pK ix

i

+

i ,int

− ∆ν ix i ⋅ pH) +

nk
1
∑∑ ∑ p kβ Wix i , jx j
2 i k β=0

1
∑ ∑ Wixi , jx j
2 i j
(34)

where indices i and j enumerate all sites in the cluster, while k runs over the rest of the
groups. The triple summation term (the third term of the right hand side of Eq. 34)
represents the mean energy of interaction with the groups not included in the cluster.
Such calculations are performed for all clusters (individual groups can be considered as
clusters of one single group) and the whole procedure is iteratively repeated until a
convergence criterion for the degree of deprotonation of all sites is met. Clustering
methods differ from each other primarily in the way of defining clusters. The TanfordRoxby procedure, in fact, coincides with the extreme case when all clusters consist of
single sites only.

5.4 Titration curves
The titration curve, θ(pH) (i.e. the dependence of the degree of deprotonation on
pH), of a titratable group can be reproduced by Eq. 2 if the quantity pK is known for any
conditions (solution pH, salt concentration, temperature etc.). For dilute solutions of a
compound with single titratable site (e.g. a model compound), pK=constant, at least at
given salt concentration, temperature and pressure and assuming that the only reaction
that may occur is the equilibrium proton exchange between the compound and the
solvent. The value of this constant is a characteristic of the compound called pK value.
The titration curve in such case is a simple sigmoid with an inflection point at θ=1/2 and
pH=pK1/2=pK. As it was already pointed out, owing to the interplay of different factors,
the ionisation properties of an amino acid in a protein may essentially differ from those
of a corresponding model compound. Using
∆Gi = RTln10(pKi - pH) and
∆Gi,sol/pc/tc = RTln10 ∆pKi,sol/pc/tc, one can represent Eq. 18 in pK terns as:
pKi = pKi,mod + ∆pKi,sol + ∆pKi,pc + ∆pKi,tc(Wixi,jxj, θj(pH))
If the desolvation of i-th group in the protein interior and the electrostatic
background created by the protein permanent charges remain unchanged in a certain pH
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range (this is strictly fulfilled for fixed protein structure), both terms ∆pKi,sol and ∆pKi,pc
are constants causing just a pH-independent shift in pKi form the pKi,mod value. This
results in a simple shift of the titration curve of the model compound along the pH scale
(the value pKi,mod is substituted by the value pKi,int = pKi,mod + ∆pKi,sol + ∆pKi,pc). Thus
the sigmoidal shape of the titration curve is preserved, however the change in the
protonation/deprotonation equilibrium may be quite significant. Perhaps the most
famous example for an extreme pK shift, is that of the hen egg white lysozyme active
site Glu35, which has a pK value of 6.2200. Dramatic pK reduction due to burial of basic
groups is also observed161. The charge-charge interactions between titratable groups
depend on their degree of ionisation, which are function of the pH. It follows that, even
in absences of pH-induced conformational changes, the equilibrium ionisation constants
of the individual sites are pH-dependent (pKi(pH)≠constant due to the last term, ∆pKi,tc,
in the above equation). This causes changes in the shape of the individual titration
curves, which, depending on the co-operativity of the ionisation, may rank from slightly
perturbed sigmoid to completely different shapes, called irregularIII or complex201
titrations. Commonly, most of the groups, in the pH range of their titration, experience
only mild changes in the electrostatic field created by the rest of the protein multipole,
which results in a broadening of their ionisation curves. This effect is often successfully
mimicked by formally setting pKi=constant but introducing in Eq. 2 an additional
parameter. The simplest and most popular modifications of Eq. 2 are equivalent to
assuming a linear dependence of the actual pKi either on the pH (Hill coefficient) or on
the rate of changing the total protein charge with pH (Linderstrøm-Lang model68). Such
corrections in Eq. 2, however, completely fail to describe the cases of non-sigmoidal
curves (irregular titration).
Two-step ionisation curves are often observed, for instance, by the pH
dependence of the chemical shift of the individual titratable groups. Traditionally, when
such an irregular titration curve is observed, two pK values are extracted by fitting to
sum of two sigmoids and assigned to two different titratable groupsI. However, in some
special cases, such an interpretation may be misleadingII,III. This can be illustrated by a
simple example of two strongly interacting groups, say acidic one and a basic one, both
of which manifest two-step titration if the following conditions are satisfiedIII: (i) if the
interaction between these two groups is excluded, the pK value–approximately pKint if
the influence of the protein multipole is minor–of the acidic group should be higher than
the one of the basic i.e. ∆pKnon ≈ pKacidint - pKbaseint > 0; (ii) the electrostatic interaction
energy between their charged forms (assuming negligible interaction between the
neutral forms), taken in pK units, should be close to ∆pKnon; (iii) the pair-wise
interactions and ∆pKnon are approximately constant and in the entire pH interval where
the titration of the couple takes place. These conditions may be fulfilled, for instance,
for buried and immobilised salt-bridges. The peculiar ionisation behaviour of such acidbase couple is shown in Fig. 8. Titration curves of both groups have a two-step shape,
which apparently cannot be properly reproduced by the Henderson-Hasselbalch
equation (Eq. 1 or its equivalent Eq. 2) assuming that a protonation/deprotonation
equilibrium is fully characterised by a single pK value. It is notable, that each curve can
be decomposed into two sigmoidal segments with clearly distinguished inflection
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points. Moreover, the inflection points of the titration of the acidic group coincide with
those of the basic one. The overall titration of the pair (Fig. 8B) can be perfectly
simulated by a sum of two Henderson-Hasselbalch equations, with pK values of 3.6 and
6.4, which reflect the positions of the inflection points. In between, around pH 5, the
total charge of the couple indicates abstraction of one proton from the system. Thus, if
such curve is experimentally observed one intuitively addresses the inflection points at
low and high pH values to pK values of the acidic and the basic groups. This is,
however, an example of a misleading interpretation. This should not be interpreted as a
complete deprotonation of one group and the other one remaining fully protonated, but
rather as an equal sharing of one proton between the two groups.
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Figure 8. Co-operative ionisation of an
acid-base pair. A: Irregular titration of the
acidic (solid line) and the basic (dashed
line) group. B: Overall titration of the pair.
Vertical dotted lines indicate pKbaseint = 4
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of other titratable groups is neglected.
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Clearly, in cases of strong co-operative titration the quantity pK1/2, often derived
from simple equilibrium functions, does not provide an appropriate characterisation of
ionisation properties of the group. Statistical mechanical considerations provide a more
realistic and detail interpretation of ionisation phenomena in proteins201,III. More
complicated titrations can be observed in more complex systems e.g. large clusters of
strongly interacting groups. In such a case, due to co-operativity of the system, a group
may occur to be half protonated at several different pH values, which makes the
determination of pK1/2 uncertain. Irregular titrations also might be related to pHdependent tautomerisation. Current theoretical approaches employ a lot of structural
details in energy calculations and compute titration curves of individual sites on
statistical thermodynamics basis and therefore are able to reliably predict and
characterise irregular titrations31,44,187,II,III,VI. Thus, structure based pK calculations may
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essentially contribute for the accuracy of the analysis of experimental ionisation curves.
Conditions for appearance of irregular titrations in acid-acid, base-base and acid-base
pairs were analytically derived and clearly formulatedIII (coupled ionisation in a
theoretical model of two acidic groups (acid-acid pair) was also described earlier198).
The achievement of those conditions is energetically demanding, which is most likely
the reason complex ionisation to be observed relatively seldom compare to sigmoidal
titration curves. One can further speculate that sites with irregular ionisation behaviour
are most likely to have significant physiological importance (e.g. for enzymatic
activityVI). Otherwise the particular residue constellation yielding irregular titration,
being energetically unfavourable for the protein molecule itself, would have been
perhaps discarded in the evolutionary process.
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6 pK calculations accounting protein flexibility
Methods based on a single protein structure (usually determined by X-ray
crystallography), as described in the first section of the previous part, characterise the
protonation/deprotonation equilibrium correctly only in limited pH interval, for which
the corresponding structure is relevant. Upon change of the charge state (change of pH),
conformational changes may occur. One of the most prominent examples of pH-induced
structural changes is the Bohr effect in hemoglobin. The sensitivity of the
protonation/deprotonation equilibria of titratable groups to the conformational changes,
which is a well-documented effect, appears to be one of the major problems for the
accurate prediction of ionisation equilibria in proteins. Modern macroscopic approaches
for pK calculations differ mostly in how the conformational heterogeneity is treated.
Protein flexibility may be implicitly accounted for by adjusting the protein
dielectric constant (in that number, assigning site specific permittivities), as it was
discussed above (section 4.1.3.). Although such methods generally improve the pK
predictions, being still based on a single conformer, they are incapable to reveal any
correlation between protonation and structural changes. Nevertheless, these seem to be
still the methods of choice for large molecules due to the higher computational expenses
required by other techniques.
In recent years a lot of efforts were devoted to developing computationally
efficient algorithms for incorporating protein flexibility in continuum pK calculations in
an explicit fashion. The milestones in these attempts are nicely reviewed89,91. A
complete theoretical consideration of the problem has been elaborated by Spassov and
Bashford51. These authors point out that the complexity of the task is prohibitively large
and needs to be reduced. Thus, it is not surprising that all proposed ionisation equilibria
calculations that explicitly account for conformational diversity employ additional
simplifying assumptions. Most commonly, the conformational space of the protein is
reduced to a limited number of conformers, defined either explicitly or by some
combinatorics. This ensemble of pre-selected structures is assumed to adequately
represent the protein conformational heterogeneity in solution in a certain pH range.
Calculations of electrostatic free energies are performed as for single separate
conformers, usually by FD solutions of LPBE, and the statistical considerations yielding
titration curves (Eq. 24) are correspondingly modified (e.g. Eq. 33). Flexibility is
introduced in titration simulations usually either by including local conformations i.e.
small conformational changes in vicinity of ionisable sites (e.g. side chain conformers
or their most restricted variant – polar hydrogen tautomers/rotamers) or by considering
global conformations, in which structural changes involve the entire protein. A
combination of global and local flexibility is, in principle, desirable if it is not
computationally unfeasible51. As far as the ionisation free energies depend primarily on
the local environment of the ionisable group, local flexibility can be considered as the
main origin of pK changes. That is way, number of studies focus on a better
representation of side-chain flexibility15,58,164,186,187,202,III,VI, which improves the pK
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prediction and provides very reliable results, especially when there are evidences for
conserved backbone conformation in the pH interval of interest. However, such models
are obviously incapable to predict changes in the protein fold with pH.
The ensemble of conformers used in pK calculations can be collected from
available experimental structures or generated by computer simulations. Mixed
approaches are also possible29.

6.1 Ensembles of experimentally determined structures
High-resolution crystal structures, resolved by X-ray or neutron diffraction,
often provide implicit (temperature factors) and explicit (alternative conformers)
information about local flexibility, which can be used in pK calculations. The
temperature factor was used for assignment of site-specific permittivity203. The
influence of alternative side-chain conformers for ionisation properties of RNase T1 was
investigated and it was found that experimental observations for the titration of Glu28
and Asp29 can be reproduced only if Lys25 is considered flexibleII. Knowledge about
global flexibility can also be extracted from crystal structures, for instance, from
structures obtained at different crystallization conditions or if the asymmetric unit
contains more than one protein molecule (or analogously, in cases where the protein is a
homo-dimmer/-trimer etc.) and local symmetries were not intensively used for structure
refinement. When available, such information may be highly valuable for theoretical
studies29,204,205,IV,VI. In the cases of B. agaradhaerens xylanaseIV and DADHVI it was of
specific interest to what extent the marginal structural differences affect the computed
titration of individual sites.
NMR structure determination supplies, in fact, set of conformers presumed to
give a good representation of protein structural diversity (global flexibility) in solution.
Antosiewicz et al.206 performed calculations on NMR models taken as single structures
and obtained in this way pK1/2 values were arithmetically averaged. Calculations were
carried out for three proteins and, compare to single conformer calculations, an overall
improvement towards experimental data was reported. The arithmetic averaging,
however, supposes equal statistical weights of NMR conformers, which has no physical
grounds. Further investigations207 demonstrated that in the regions where NMR and Xray structures differ significantly the pK values calculated on the basis of the X-ray
structures are in better agreement with the experimental data. For solvent exposed
residues, however, a better agreement with the experimental results has been obtained
using the NMR structures. One can speculate that the crystal contacts are one of the
main sources of discrepancy between the calculated and observed pK values in general.
Although the averaging was over quite a limited and probably far form the
representative set of structures, the result indicates that the consideration of more then a
single conformation is a promising way to improve the theoretical prediction of
ionisation equilibria in proteins. Calculations over 34 NMR models of RNase T1 were
carried out and the results confirmed the stated above general conclusions. For buried or
strongly interacting groups (~30 of the groups), a large dispersion (max∆pK1/2 > 5 pH
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units) of the titration curves was observed and the further analysis did not suggest a
straightforward way for retrieving any specific biologically significant informationII.
In general, calculations strictly based on one or more experimental structures
tend to be biased towards reproducing the protonation state of the molecule
corresponding to the conditions at which the structures were determined. Thus, results
of such calculations are most reliable for pH close to that of the experimental
conditions. In addition, side-chain conformations (often decisive for the outcome of
titration simulations) given in X-ray and NMR structures are not always representative
for the actual solution behaviour of the protein. For instance, it is easy to spot regions in
X-ray structures where the local conformation may be artefact of the crystal packing,
while in NMR models, due to lack of experimental data, side-chain conformations are
usually result only of simple molecular modelling.
When ionisation equilibria are calculated for an ensemble of conformers (no
matter how this ensemble is generated) a question arises how to properly estimate the
statistical weight of each single conformer. A rigorous systematic approach to this
problem was suggested by You and Bashford164(see also91,208). This approach requires
for each conformer the electrostatic energy to be calculated (FD LPBE) twice (first,
with homogeneous dielectric with ε=εp in the whole space and second, with
heterogeneous permittivity as in the standard continuum model shown in Fig. 1) and
combined with non-electrostatic energies, which are convenient to obtain from a MM
force field. This method in fact evaluates the energy difference between arbitrary couple
of conformers at given protonation state in solution through an additional
thermodynamic cycle. This cycle is needed mainly to reduce the dependence of the
energy difference estimates by cancellation of the grid energy arising from the
numerical solution of the LPBE. Although this approach is general and has no principle
limitations, its rigorous implementation is apparently computationally unattractive or
even unfeasible if the full combinatorics of possible local conformers has to be
explored. In particular, such technique can be applied to model compounds to remove
the requirement that the model compound should always match the conformation of the
concrete ionisable site under consideration (see 5.1.).

6.2 Computer generated ensembles of conformers
Various protocols combining calculations of ionisation equilibria based on
continuum electrostatics with simulated protein flexibility has been elaborated. In
different approaches, structural changes rank from involving only hydrogens15,187,III,VI,
through side-chains fluctuations29,58,164,186,202, to accounting for global flexibility by
applying MD18,31,209-211,IV or MC dynamics212,213. Different minimisation procedures or
energy cut-off criteria are also often used to reduce in a reasonable way the sampling of
the conformational space and the total statistical combinatorics29,31,58,186,203,208.
You and Bashford systematically explored the conformational space defined by
the side chain torsion angles164, while Beroza and Case186 used two conformations for
each titratable side chain, one as determined by X-ray crystallography and the other
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with maximized solvent accessibility (this can only be superficially reasoned). In both
approaches as well as in all other studies considering combinatorics of local
conformations, simplifying assumptions are made so that electrostatic calculations are
carried out only for few instead for all possible conformers.
Van Vlijmen an co-workers18 have used 100 ps MD simulations for generating
ensembles of structures. An advantage of this approach is that, according to the ergodic
hypothesis, conformers collected along one MD trajectory can be assumed equally
populated without additional energy calculations. pKs were calculated by different
procedures corresponding to arithmetical averaging of different quantities. The most
relevant of these procedures, as pointed out also by the authors, is the averaging of
titration curves, although all of them showed similar results and an overall improvement
in pK prediction. However, the prediction of the pK values of some groups has not been
improved. One reason for this, as the authors point out, might be the relatively short
time of conformational sampling.
The influence of the initial structure and the simulation length was investigated
by applying analogous computational protocol, however with 1 ns MD for three initial
xylanase structures (B. circulans xylanase and two similar structures of B.
agaradhaerens xylanase)IV. Results confirmed the general observation that calculations
using an ensemble of structures describe titration properties of proteins more accurately
than calculations based on a single structure, although for several sites (among which
the active site residues), the improvements in pK values were quite insufficient. The
minimum simulation time needed to achieve approximately constant average pK was
500 ps for the majority of titratable sites and more 1 ns for a couple of sites. The time
evolution of pK values calculated on the base of slightly different initial structures of B.
agaradhaerens xylanase demonstrated that the two MD runs most likely sampled
different parts of the xylanase conformational space.
Nielsen and McCammon205 investigated the quality of 41 X-ray structures of
lysozyme with respect to continuum based pK calculations. The authors also tested MD,
energy minimization and structure-perturbation methods as tools for structure
optimisation. They concluded that optimisation techniques, in principle, do not improve
the pKs of the active site residues.
Wlodek et al.204 have used two different initial structures, each with two
different charge states. In this way pK values from four 100 ps MD trajectories were
calculated. They have shown that the differences in the calculated pK values are
statistically insignificant for the majority of the groups (somewhat contradicting to more
recent studies205,IV). It was demonstrated that the simulations correctly respond to the
preliminary determined difference in the charge states i.e. MD runs with particular site
(N-terminus) protonated yield structures stabilizing the protonated form of this residue
and vice versa. This highlights the importance of the initial choice of the protein
protonation state for MD simulations. It reveals another disadvantage (besides the one,
that very long trajectory may be neededIV) of using MD generated structures for
characterising the protein ionisation properties, namely that pK values are likely to be
biased to the initial protonation choice. An attempt to overcome this problem was made
by collecting conformers from two independent MD runs (in which case benefits from
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the ergodic hypothesis are, in principle, lost): one with all titratable sites charged and
one with all sites neutral209,210. Such approach may be, however, biased to two extreme
unrealistic states. Another interesting approach emphasises on incorporating ionisation
events in MD214,215. Such algorithm, in principle, can provide titration curves by
separate runs corresponding to different pH values. The performance of this method for
pK calculations is still not well established.
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7 Continuum simulations of ion flux through protein
channels
A large number of indispensable physiological processes involve transport of
substances across biological membranes. The transport is nearly always realised and
regulated by membrane proteins forming specific channels. Thus, such proteins, and in
particular ion channels, have been subject of extensive experimental and theoretical
investigations, which are nicely summarized in series of works216-220. Apparently, any
thorough structure-based analysis of electrodiffusion properties of an ion channel
requires, besides detail knowledge of the pore size and shape, a relevant description of
the electrostatic field inside and in the vicinity of the channel, which, in general,
invokes preliminary pK calculations44,V. The electrostatic field of porin Omp32 from the
bacterium Delftia acidovorans was examined in detailV. The pH dependence of the field
and the contribution of specific constellations of ionisable residues to electrodiffusion
characteristics of this and closely related porins were discussed. The results of this
study, however, are not directly comparable to the available patch-clamp
measurements221.
Different computational approaches are currently applied for prediction and
analysis of electrophysiological properties of membrane channels. The earliest theories,
based on kinetic rate models (well described by Hille216), are too formal and irrelevant if
structure-function relationship is of interest217,218. The most rigorous direct simulations,
like MD, BD and FEP (see reviews219,220,222), still have limited application because of
the extreme computational demands for achieving reliable estimates of measurable
currents218. Models based on Poisson-Nernst-Planck (PNP) theory of electrodiffusion
are also widely used for calculation of ion conductivity and selectivity of channels217,218.
These approaches utilise continuum representation of the protein-membrane-solvent
system, where interactions determining the effective motion of solvent ions are
approximated by mean-field, to reproduce a stationary ion fluxes (in the particular case
of equilibrium, no ion fluxes, PNP equations are reduced to PBE). As a consequence,
the specific interactions of mobile ions with the channel lining as well as ion-ion
interactions are not considered quite accurately, which is partially masked by adjusting
some macroscopic parameters (usually the diffusion coefficients). Protein flexibility is
also neglected. The PNP models are often criticised because of the above
weaknesses219,222. The omission of the desolvation of the mobile ions in the pore region
was pointed out as a major problem of the traditional PNP approach, especially when it
is applied to narrow channels223-225. Recently, Schuss et al.226 derived a coupled system
of PNP equations, where desolvation effects are correctly taken into account. However,
as noted by the authors, a direct implementation of this theory is impossible because it
relays on a conditional probability of ion distribution, which cannot be determined
without further simplifications. In most of the applications of the electrodiffusion
model, the real 3D task is reduced to 1D, which can be a reasonable approximation only
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for narrow cylindrical channels. This artificial simplification was removed by
Kurnikova and co-workers227,228, who elaborated a self-consistent FD solution of the 3D
PNP equations and applied this technique to the gramicidin A channel. The nature of the
considered system and the simulated phenomenon218 as well as the good agreement
between the theoretical and experimental results, reported in many papers143,227-230,
suggest that the continuum model can provide, after all, a useful tool for analysis of
steady-state ion fluxes though membrane channels. In order to benefit from the relative
conceptual and computational easiness of the continuum model and in the same time to
reduce the major disadvantages of the standard implementation of the PNP theory, a
new algorithm for calculation of 3D PNP equations was developedVII. The approach
could be considered as an extension of the one described by Kurnikova et al.227,228, in
which several essential improvements are introduced: (i) the desolvation of mobile ions
in the membrane pore and effects related to ion sizes are taken into account,
(ii) numerical obstacles, which in many cases prohibit the straightforward solution, are
overcome, making the algorithm applicable for arbitrary channel geometry and arbitrary
protein charge distribution, (iii) boundary conditions are refined by a focusing
procedure.

7.1 Model and computational technique
The theoretical model and its numerical implementation are described and
discussed in detail in the manuscriptVII. Here only the main points will be outlined.

Figure 9. Schematic representation of the
model used for calculations of ion fluxes
through membrane channels.

The model used for calculations of the I-V characteristics of ion channels is
illustrated in Fig. 9. The solvent is represented as a medium with a permittivity, εs,
which contains n species of mobile ions treated as a continuum matter, hence described
by the space distributions of their local concentration, ci(r), i = 1, …, n. Ion types are
characterised by their charges, Zie, diffusion coefficients, Di(r), and radii, Ri. The latter
define ion inaccessible regions around the membrane and the protein. The membrane is
represented as a planar layer with a certain thickness in which the protein molecule is
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immersed. Both the membrane and the protein are considered as a material with
appropriate dielectric constants (Fig. 9), which is impenetrable for the solvent and the
mobile ions. In this way, the solvent is separated by the membrane into two bath
regions, which can exchange ions only through the protein channel. The shape and
dimensions of the channel are defined by the 3D protein structure and the van der Waals
radii of the protein atoms. The protein possesses also a charge distribution, ρp(r),
determined by its structure and ionisation state. The ion concentrations in the reservoirs
on both sides of the membrane may be different, i.e. C’i≠C”i, and an external voltage,
V”-V’, can be applied.
The algorithm is flexible and can produce a more complex mapping of
permittivity and diffusion coefficient, thus allowing the system to be represented in
more detail. For instance, similarly to the protein dielectric constant (see 4.1.3), the
values of εs and Di in the region of the solvent-membrane interface and in the channel
interior are not well defined and, in general, are expected to differ from those in the
bulk. On the other hand, these parameters are crucial for the final outcome of the
simulation and can serve as justifiable parameters of the model.
In steady-state of the above described system, the dynamics of ions of type i
(i=1…n) is given by the corresponding Nernst-Planck (NP) equation:

[

(

∇ ⋅ Di (r) ∇ci (r ) + (kT) −1 ci (r )∇U i (r)

)] = 0 , where U (r) is the potential energy
i

of an ion of species i at point r and the term in the square brackets is the flux of this type
of ions at the same point. Each NP equation yields a unique concentration distribution in
any volume if the corresponding diffusion coefficient and potential energy values are
known for the entire volume and the concentration at the boundary surface is given.
These ion concentration distributions can be than used to calculate ion fluxes and the
electric current through the channel. Clearly, as far as ions are charged particles, Ui(r)
contains electrostatic part, which can be assessed from the Poisson equation (Eq. 5,
giving the men-field electrostatic potential of the entire system). In the standard PNP
theory, it is assumed that the electrodiffusion process is fully described by a the Poisson
equation together with n Nernst-Planck equations. This assumption is absolutely
reasonable for solution volumes much larger than the ion sizes, while justification
seems be needed for narrow channels with dimensions comparable to those of ions. The
PNP theory was adaptedVII by modifying the potential used in the NP equations in the
following way. First, ion solvation energy was introduced to Ui(r) as additional external
potential considered to be independent on the charge-charge interactions and ion
distributions in the system. Second, ions were locally treated as discrete particles (hard
spheres) with non-negligible size (new atomic detail was introduced in the continuum
model) and the mean-field electrostatic potential was accordingly corrected.
An FD based algorithm for self-consistent solution of the resulting system of
equations was proposed. It was shown that the FD representation of arbitrary NP
equation dose not lead automatically to a non-singular linear (at fixed potentials) system
of equations, as is the case with PBE and LPBE. Singularity (and hence existence of
solution) was ensured by artificial truncation of those extreme potential gradients that
may cause non-singularity. The solution of the standard or the modified PNP equations
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is achieved (or rather approached) by a self-consistent iterative procedure. Due to the
non-linearity of the entire system, this procedure is prone to diverge, which was
compensated by adjustable mixing of concentration maps produced in subsequent
iterative steps. Similar numerical techniques were used earlier for solving the PNP
equations227,228,231 or their equilibrium analogue PBE129. In order to use fine grid with
adequate boundary conditions, an appropriately modified focusing procedure was
applied. Simple boundary conditions were used for the initial box. In the region of the
focused box, however, the solvent polarization effects and the resulting Donnan
potentials were satisfactorily reproduced. The focusing procedure and the entire
algorithm were thoroughly tested on pore designed to resemble real protein channel. It
was demonstrated that the computed electric current depends on how the pore is
mapped on the grid, which in fact determines the precision of the numerical solution.
The magnitude of this grid dependence is completely acceptable, although it is
significantly larger than that in the pK calculations, where grid artefacts are strongly
reduced within the applied thermodynamic cycle (see 5.1.). The results after focusing
were practically identical to the usage of a big computational box with fine grid and it
was also shown that this technique indeed improves reliability of the final results.

7.2 Applications to model channels
Simulations on model channels were used to illustrate the role of the pore shape
and protein charge distribution in formation of basic electro-diffusion properties, such
as channel conductivity and selectivity. The concentration distributions of mobile ions
inside channels and close to the were also analysed. The importance of an adequate
consideration of solvation effect was highlighted. The influence of the ionic strength in
the bulk solution and of the externally applied electric field on channel properties were
also discussed.
It was shown that the omission of ion solvation energy leads to an
overestimation of the ion content in the channel (especially close to the channel walls)
and thus to larger calculated currents. In charged channels, the overestimation of the
total electric current tends to be reduced in parallel with a tendency of dramatic
underestimation of the selectivity. Another interesting finding even completely neutral
channels may manifest kind of selectivity due to the interplay between the external
voltage and channel shape.
The modified PNP approach yields distribution profiles of mobile ions, which
are in accord with the predictions based on the direct microscopic methods (MD or BD).
Non-linearity and asymmetry of I-V curves, as well as ion selectivity and its
dependence on channel architecture and ionic strength, are also adequately reflected.
Unlike previous applications of the PNP theory, this method provides reasonable results
even for extreme cases of narrow and/or highly charged channels.
Although the modified PNP approach does not overstep the limitations typical
for continuum models, it allows the electro-diffusion properties of any protein channel
with known structure to be scrutinized on an atomic level.
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